We propose a heuristic for finding base order quantities for stochastic inventory models. The heuristic includes two steps. The first clusters the stages according to cost parameters. The second solves a single-stage problem for each cluster with the original problem data. In a numerical study, we show that the heuristic is near-optimal.
Introduction
Consider a continuous-review, serial inventory system with N stages. Inventory is controlled by echelon-stock (R, nQ) policies. That is, for each stage j, as soon as the echelon inventory-order position (inventory on order + inventory on hand + inventory at or in transit to all downstream stages -backorders) is at or below the reorder point R j , an order of the smallest integer multiple of base quantity Q j is placed to raise the inventory position above R j . We assume that base quantities satisfy integer-ratio constraints, i.e., Q j = q j Q j−1 , q j ∈ + , j = 2, ..., N , where + denotes the set of positive integers. There is a linear echelon holding cost with rate h j for stage j. Unsatisfied demand is fully backlogged and incurs a linear penalty cost with rate b. Define h j = N i=j h i the local holding cost rate for stage j. A fixed order cost k j occurs for each base quantity Q j ordered. The objective is to minimize the long-run average system-wide cost.
When demand is deterministic, it is well known that there exists a simple heuristic that guarantees a 94%-effective policy, i.e., the cost of this heuristic policy is at most about 6 % more costly than any feasible policy. This heuristic includes two steps. The first step is to identify clusters by using cost ratios. (A cluster is a set that includes consecutive stages; see a formal definition below.)
The second step solves an EOQ (Economic Order Quantity) problem for each cluster. A heuristic policy is then obtained by converting these EOQ solutions into integer-ratio order quantities. One well-known integer-ratio solution is the so-called "power-of-two" policy (e.g., Maxwell and Muckstadt 1985, Roundy 1985, and Federgruen et al. 1992 ). We refer the reader to Zipkin (2000) for a detailed discussion of the deterministic model and the power-of-two policy.
In the stochastic demand model, however, finding effective base order quantities is more involved. The difficulty comes from the fact that, unlike the deterministic model, the objective function (the average total cost) is not a sum of separable, convex functions of control variables.
To resolve this, Chen and Zheng (1998) construct cost bounds to replace the average total cost in the objective function. These cost bounds are a sum of separable functions of base quantities. Thus, a standard clustering algorithm (e.g., Maxwell and Muckstadt 1985) can be applied to find the optimal solution for these revised problems. They propose heuristics by converting these optimal solutions to power-of-two base quantities.
The objective of this note is to propose a new heuristic that employs the same steps as the heuristic for the deterministic model. As we shall see, this heuristic outperforms the existing ones in a numerical study.
The Heuristic
This heuristic includes two steps, clustering and minimization. In the clustering step, the stages are For any i, j ∈ S with i ≤ j, the set {i, i + 1, ..., j} is called a cluster.) Specifically, define
These clusters satisfy the following two conditions: 
where
and
Variant 2
is the solution of the following problem:
The Q c(m) is solved sequentially, starting with m = 1. Then, set Q s i = Q c(m) for i ∈ c(m); these are the heuristic base quantities. The corresponding heuristic reorder points (R s 1 , ..., R s N ) are found by using the algorithm for finding optimal echelon reorder points in Chen (2000) .
We briefly describe the derivation of the heuristic. A detailed discussion can be found in Shang (2004) . We first decouple the total average cost into each stage by using the induced penalty functions (the penalty cost charged to each upstream stage for holding inadequate stock). The decoupled cost function for stage j is then replaced by G j (·) defined in (2) . Consequently, we solve a revised problem, in which the objective function is a sum of N separable convex functions subject to the relaxed constraints
Consider any partition of stages for the revised problem. Suppose that the resulting clusters are {c (1) , c(2) , ..., c(Z)}. An important observation is that the optimal common base quantity Q c (z) for the cluster c(z), z = 1, ..., Z, is close to the optimal base quantity Q z solved from a single-stage (R, nQ) system, referred to as the mapping system. This mapping system has the following cost are similar when b is large and the leadtime seems to have little impact on Q z . For approximation purpose, we simply assume that the condition holds. Since Q z is close to Q c(z) , we may use the cost ratios to identify the clusters for the revised problem.
The heuristic is then derived in a reverse order: We first use the cost parameters h j and k j to identify the clusters. In the minimization step, Equations (1) and (3) correspond to the sum of C j functions in a cluster and the average total cost of the mapping system, respectively. Finally, for the deterministic model, Shang (2004) finds that the heuristic solution obtained from the bottom-up minimization approach performs on average better than the power-of-two heuristic. This motivates us to use the same approach in the minimization step.
Numerical Study
We conduct three groups of numerical study.
Group 1.
We test the effectiveness of the two variants, using optimal costs as a benchmark (see Chen and Zheng (1998) Table 1  Table 2  Table 3  Table 4 (1998). In particular, the demand is Poisson (compound Poisson) for the 40 instances in Tables 1   and 3 (Tables 2 and 4) . Table 2 shows the average percentage error for our heuristic cost and Chen and Zheng's heuristic cost, using the optimal cost as a benchmark. The number in the parenthesis denotes the number of optimal solutions found by using the corresponding heuristic. The result shows that our simple heuristic outperforms Chen and Zheng's heuristic. We conjecture that this observation is resulted from the comparison of our heuristic cost with the lower bound cost. Overall, the heuristic performs effectively when N is large. Figure 1 shows the heuristic cost with respect to N .
Discussion
The above numerical study indicates that the heuristic is near-optimal. Thus, we can use it to develop insights for managing the model under consideration.
(1) The heuristic suggests that the base quantity is jointly determined by the fixed order costs and holding costs of the stages in a cluster. Thus, to reduce the base order quantity in a location, it is not sufficient to consider the costs within that location only.
(2) There are 16 instances whose percentage error are larger than 2.5% for Variant 1 in Group 1.
The parameters for these instances are k 1 = 10, k 2 = 100, k 3 = 100, Table 3 and Table 4 compare several instances in Group 1. In Table 3 , we fix L j = 2 and reduce the echelon holding cost h j from 1 to 0.1. Similarly, in Table 4 , we fix h j = 1 and reduce the leadtime L j from 2 to 0.5. We observe that it is more effective to reduce the echelon holding cost at an upstream stage or reduce the leadtime at a downstream stage.
This observation is consistent with the findings in Shang and Song (2003) . Tables 3 and 4 , we conclude that reducing fixed order cost at a downstream stage is more effective than at an upstream stage.
(6) We observe that the property of insensitivity of order quantity to the optimal cost for a single-stage model is still valid for the serial model (see Zheng (1992) for the discussion of this property). For example, recall the instance mentioned in (2) . Using the heuristic order quantity 33 instead of the optimal order quantity 44 results in only 3.6% of error. Table 4 : The effect of leadtime reduction on the optimal cost (7) For an assembly system with the assumption that base quantities do not decrease in their total leadtimes (the sum of the leadtimes from the current stage to stage 1), Chen (2000) shows that there exists an equivalent serial system. Consequently, our heuristic can be used for such assembly systems.
